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When x<0 we must close the contour in the upper half
plane and when;t>0 in the lower half plane. Hence

K0(x) =
K+(x) x<0

- (x) x>0
(18)

rs^. , ^where K ± (x) r* • /upper ) half plane.Res m (lower

Then upon evaluating the residues we find that

K+(x)= - r Hm —2i y^o dy

(a+-k/M)

and

sinh (cos) e/w

2 cosh (cos1) -cps (a-

r- — T hm

(20)

These series are only conditionally convergent and will not
converge at all if we take the derivative term by term. To ob-
tain convergent series, notice that since a* ~T„/
(s^±/3s) + 0(n ~ ] ) as n^oo the nth term of these sums
behave like

]]h
The series composed of these terms will converge to a row of
step functions. Hence, its derivative will converge to a row of
delta functions. We can evaluate the latter series by using the
theory of distributions to show that3

= J_

Hence

where

- - . . ] e'^+^^/i) 6(^^185/1) (21)

2s

and
co sinh (cos) e'"x

2[cosh(co5<) — cos(a —s fco)

eiMkx r- ll ' -a;r-

—

are now convergent series. The kernel function is given by
Eqs. (18) and (21). Only a finite number of the infinite row of
delta functions in Eq. (21) will contribute to the integral in
Eq. (13). However when this kernel is substituted into Eq.
(13), we obtain a functional integral equation (and not an or-
dinary integral equation) due to the introduction of terms of
the form [P(xn + ns@) ] caused by the integration over the
delta functions.

The series which appear in K± are only conditionally con-
vergent. But the same device that was used to make the
original series converge can also be used to render these latter
series absolutely convergent. This removal of the slowly con-
vergent part of the series results in a row of step functions
which explicitly exhibit the discontinuities of K± (and occur
at the points xn = ±f$sn). The remaining series will represent
continuous functions and will be quite suitable for numerical
computation.
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Mixing Length in Low Reynolds
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Nomenclature
= skin friction coefficient, ij\/1peue

2

= mixing length
=. Mach number
= power law velocity exponent, Eq. (1)
.= Reynolds number based on momentum thickness
= temperature
= velocity
= friction velocity, (r/p) 1/2

= normal coordinate
= Reynolds stress
= velocity boundary-layer thickness
= shear stress
= density
= ratio of specific heats

IJL = viscosity
Subscripts
m = maximum value, evaluated herein at y/ 5 = 0.5
e = edge
w = wall
t — stagnation
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SEVERAL investigators have shown that the mixing
length parameter (?/d)m is larger than the accepted high

Reynolds number value of 0.07-0.09 in the outer region of low
Reynolds number boundary layers. This is true both for low-
speed1'4 and high-speed flow.5'6 In earlier low-speed flow
research,]"3 0/6) w was correlated as a function of Re (for zero
pressure gradient). Further, Ref. 5 indicates that both the low-
speed and high-speed low Reynolds number data (up to M—
20), can be correlated using <5 +. Reference 4 used a <5 +
parameter based on the maximum shear stress in the bound-
ary layer to correlate low Reynolds number effects in low-
speed flow with and without wall blowing.

The purpose of the present Note is to re-examine the
question of low Reynolds number effects in high-speed tur-
bulent boundary layers, and in particular, to determine
whether low Reynolds number amplification of shear stress is
a result of transitional flow structure. Because of the extreme
dearth of (£/<5) m values in high-speed flows (for both high and
low Reynolds numbers), a simple analysis is used herein to ob-
tain sufficient (£/8) m values for evaluation of the low
Reynolds number influence. This type of analysis was
suggested by two previous investigations.7'8 In Ref. 7, mean
velocity profiles downstream of transition (up to 80-200
boundary-layer thicknesses past the nominal "end" of tran-
sition) exhibit an "overshoot" in the "TV power," and this
overshoot may be related to the increase in ( ? / d ) m noted in
Ref. 5 for low Reynolds number flows. In addition, Ref. 8 in-
dicates for flat plate type flows that T/TW is a unique function
of 7/6 for the Mach number and Reynolds number range
where data are available.

Table 1 Identification of data used on Figs. 1 and 2
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Data used on FKJ. 1 (flat plate, cone, cylinder)

7.5-16.6 1.0
4.9-5.2 0.56-0.87
6.4-6.7 0.84-0.86
6.21-6.5 0.31-0.46
5.8-7.7 0.23-0.44

3.1 0.93
2.4 0.95-1.3
2.82 0.94-1.35
2.2 0.92
05 -1

low speed -1
6.5 0.48

4.69-9.83 0.56-0.91
6.3-6.6 0.46-0.85
9.1-10.2 1

3.93 0.88-0.93
low speed -1
1.5-4.5 0.9-1
low speed =1

Data us
.55-3.5 0.96-0.98
5.9-10.1 0-27-0.66

5.76 0.73
10.65 0.26
12 0.29

8.2-10 0.42-0.49
6.4-11.5 0.26-0.4

ef. low speed ~1
1

4.9-8.2 ' 0.46-0.92
19.3-19.7 0.16-0.18

.66 40,41 of Ref. 7 Maddalon/Henderson

.4 16 of Ref. 7 Winkler/Cha

.66 11 Fischer/Maddalon

.4 14* Keener/Hopkins

.4 13* Hopkins/Keener

.4 45 of Ref. 7 Bradfield et al .
:4 28 of Ref. 7 Higgins/Pappas .
.4 33 of Ref. 7 Monagham/Cooke
.4 38 of Ref. 7 -Allen/Monta
.4 12 of Ref. 5 Maise/McDonald
.!• 3 Simpson

36 of Ref. 5 Danberg
20,21,22 of Ref. 7 Deem
14,15 of Ref. 7 Danberg

. 6 10* Watson et al.
11* Hastings/Sawyer

.t 4 Baker/Launder

.L • 17 Sivasegaram/Whitelaw
1 ' McDonald

d on Fig. 2 (nozzle wall)
18 Squire

92 of Ref. 7 Matthews/Trimmer
30 of Ref. 5 Jones/Feller
31 of Ref. 5 Perry
32 of Ref. 5 Fiore
86 of Ref. 7 Hill
9 of Ref. 7 Scaggs

1 McDonald

.i 65 of Ref. 7 Lobb et al .
15 Beckwith et al .

1.95-4.92 0.87-1.15 . 85 of Ref. 7 Thomke/Roshko
0.2-2.8 0.93-1.0 .4 16* Uinter/Gaudet

friction balance data available.

Other Cf values obtained by authors either from velocity slope at the wall
or momentum balance; where author gave no Cf value, it was calculated from
Spalding-Chi (Ref. 22) based on R0 (if the survey station was too close to
the end of transition for the Cf prediction to be valid, a spread of 40%
above the calculated Cf was used to represent the limits of Cf increase due
to the proximity of transition, Ref. 23. These cases are represented by
like symbols connected by a dashed line in Fig. 1).

Fig. 1 Variation of mixing length with 5 + for outer region of low
Reynolds number boundary layers downstream of natural transition
on plates, cones, and cylinders. See Table 1 for legend.

The present approach therefore uses TV power data and
assumes a linear shear stress distribution (which agrees
quite well with the data of Ref. 8 near the mid region of the
boundary layer) to deduce ( t / b ) m for mean profiles. The
starting points of the analysis are the following statements

and
(D

(2)

If we use Eq. (1) in Eq. (2), along with a linear or quadratic
total temperature-velocity relationship (linear used for flat
plate, quadratic used for nozzle walls, which is generally
correct as shown in Ref. 9) there result the following ex-
pressions for (£ /<5) m (valid near the mid region of dp/dx — 0
boundary layers, .y/<5 = 0.4-0.6)

(B
(3)

Cfwhere a = —— (l-y/d)N2\ (y/b)J/N(1-TJTt>e) + TJTt>e
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Fig. 2 Variation of mixing length with 6 + for outer region of low
Reynolds number boundary layers on nozzle walls without
laminarization—retransition. See Table 1 for legend.

-(y/b)2/N\ 7 -77(7 +

and /= 1 for linear T{ — u and 2 for quadratic Tt — u

l = t y / 6 ) 2-2N/N [7 / (7 + d-1
M 2 ) ]

where(f/6)misa/(C //2, N, TJTt, 7, andMe)
Initial calculations showed that (f/5)w values computed

from Eq. (3) have a gentle peak near y/5 — 0.5 and generally
decrease for y/d values less than or greater than 0.5; thus
results shown herein are aty/5 = Q.5. Values of (£/S)w were
computed for those investigations where mean flow profiles
are available, and Cf is either given or can be computed with
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reasonable accuracy. Such data available before — 1970 are
given in Ref. 7, while most of the pertinent data since 1970 are
given in Refs. 10-16.

The computed (t/5) m values, along with (t/d) m results
available in the literature,M.s.n.is are shown on Figs. 1 and 2.
Table 1 identifies the data used. Because it was suspected that
the low Reynolds number amplification is connected with the
residue of a transition process,7 the data were broken down
into 2 categories. Category 1 (Fig. 1) is limited to data ob-
tained downstream of "natural" transition; category 2 (Fig.
2) is limited to nozzle wall data where laminarization and
retransition did not occur along the nozzle wall (i.e., tran-
sition occurred far upstream of the measuring station).

Several conclusions can readily be drawn from the results
shown on Figs. 1 and 2. Within the scatter of the data on Fig.
1 (which is considerable, due partly to inaccuracies in deter-
mining Cp N, etc) there is a definite increase in (£/<5) m at low
Reynolds numbers which is essentially independent of Mach
number, Tw/Tt, and 7 (although there is a slight trend of
decreasing (£/<5) m with decreasing wall temperatures). Com-
parison of Figs. 1 and 2 strongly indicates that the low
Reynolds number amplification of (t/8) m results from tran-
sitional flow structure because the nozzle wall data, where
transition occurred far upstream of the measuring station, do
not exhibit the increase in (f/d) m at low Reynolds number.
This conclusion supports the results of Ref. 19, where low
values of (£/<5) m were needed to compute low Reynolds num-
ber flow on a swept leading edge (where transition occurred
near the tip). Sufficient data do not exist to conclude whether
or not the influence of a strong transition trigger would persist
beyond the "end" of transition, but because the amplification
at low Reynolds number is a result of the transitional flow
structure such a possibility is strongly suggested.

Where laminarization and retransition occur along a nozzle
wall, as in the M=20, 22-in. helium data5 and in Ref. 69 of
Ref. 7 at Mach number approximately 4-5, a large am-
plification of (t/d) m is again observed, although these data
are not shown herein. Thus, the observed amplification in
(£ /<5) m at low Reynolds number is a function of proximity to
transition, in agreement with Ref. 7 where the TV-over shoot
was shown to depend upon the profile location in terms of
boundary-layer thicknesses downstream of transition. Some
of the scatter in Fig. 1 may result from the fact that the
relative location to transition is not directly included in < 5 + . A
further conclusion from Figs. 1 and 2 is that a <5+ value of —
2,000 provides a convenient criteria for defining a "fully
developed" (dp/dx—Q), turbulent boundary layer over a wide
range of Mach number and wall temperature.

These conclusions lead to a rather interesting consequence
regarding the importance of transition location. For a hyper-
sonic cruise vehicle at Mach 10, with wall to total temperature
ratio = 0.2 and at 130,000 ft cruise altitude, a < 5 + value of 2000
corresponds to a distance of — 60-80 ft back along the
fuselage. Therefore the low Reynolds number boundary layer,
which has considerable application at low speeds (such as tur-
bine blades, etc.) is even more important as Mach number is
increased.20

The present results indicate that the structure of low
Reynolds number turbulent wall flows is not unique but is a
function of the proximity to transition and perhaps of the
type of transitional flow as well (i.e., violently triggered vs
"natural"). This implies that a knowledge of transition
location may be of considerable importance to the design of
high speed vehicles. The present results also indicate that noz-
zle wall data have a low Reynolds number simulation problem
as well as the wall temperature and pressure gradient history
effects already documented.5'9'21
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